Wireless data demands keep rising at a fast rate. In 2016, Cisco measured a global mobile data traffic volume of 7.2 Exabytes per month and projected a growth to 49 Exabytes per month in 2021. Wi-Fi plays an important role in this as well. Up to 60% of the total mobile traffic was off-loaded via Wi-Fi (and femtocells) in 2016. This is further expected to increase to 63% in 2021. In this publication, we look into the roll-out of public Wi-Fi networks, public meaning in a public or semi-public place (pubs, restaurants, sport stadiums, etc.). More concretely we look into the collaboration between two parties, a technical party and a venue owner, for the roll-out of a new Wi-Fi network. The technical party is interested in reducing load on its mobile network and generating additional direct revenues, while the venue owner wants to improve the attractiveness of the venue and consequentially generate additional indirect revenues. Three Wi-Fi pricing models are considered: entirely free, slow access with ads or fast access via paid access (freemium), and paid access only (premium). The technical party prefers a premium model with high direct revenues, the venue owner a free/freemium model which is attractive to its customers, meaning both parties have conflicting interests. This conflict has been modeled using non-cooperative game theory incorporating detailed cost and revenue models for all three Wi-Fi pricing models. The initial outcome of the game is a premium Wi-Fi network, which is not the optimal solution from an outsider's perspective as a freemium network yields highest total payoffs. By introducing an additional compensation scheme which corresponds with negotiation in real life, the outcome of the game is steered toward a freemium solution.
Introduction and definition of public Wi-Fi
Wireless data demands keep rising at a fast rate; in 2016, Cisco measured a global mobile data traffic volume of 7.2 Exabytes per month and projected a growth to 49 Exabytes per month in 2021. The upcoming 5G standard is expected to further support this constant increase in wireless data demands. Wi-Fi plays an important role as well: up to 60% of the total mobile traffic was off-loaded via Wi-Fi (and femtocells) in 2016 and this proportion is expected to rise to 63% in 2021 [1] . These Wi-Fi networks will also play an important role in the evolution toward smart cities by connecting large amounts of sensors supporting new services (e.g., dynamic monitoring of waste bins).
In this publication, we will focus on public Wi-Fi networks. For the remainder of this publication, we will define a public Wi-Fi network as a wireless network that is offered to visitors of a public or semi-public place. This definition covers all sizes of networks, ranging from a coffee house with a single access point (AP) to large networks covering museums, sports stadiums, or even entire cities. We do differentiate, however, between the typical customer-facing Wi-Fi networks which are typically found in individual shops and shopping malls, and municipal Wi-Fi networks which are offered by local government to stimulate local businesses and tourism.
At this point in time, customer-facing Wi-Fi is typically free, as business owners expect their Wi-Fi network to generate sufficient indirect revenue (e.g., by attracting additional customers or by making people stay longer) to weigh up to the costs of deploying the network.
That is not the case for city-wide municipal networks. Offering free municipal Wi-Fi has a large range of economic benefits, such as alleviating the digital divide [2] and making the region attractive to businesses and highly educated citizens [3] . However, it is unclear whether the indirect benefits of such an endeavor outweigh the costs of setting up and operating a city-wide free Wi-Fi network.
For this reason, this publication does not assume public Wi-Fi to necessarily be free for the user. We consider two additional Wi-Fi business models in which, aside from indirect revenues, direct revenues are generated as well. In the freemium model, a user is given the choice to either surf at a limited speed and be shown ads (e.g., injecting an additional header or footer in the visited websites is a typical approach) or to pay for a faster adless connection. Alternatively, using the premium model, users are obligated to pay to get access (though no ads are shown).
Looking at the practical side of Wi-Fi network deployments, multiple parties can be involved: the actor who wants a Wi-Fi network in its venue might pay a second party to perform all technical duties (deployment and maintenance). For example, a small coffee shop might pay a local technician to deploy its network; a city government may depend on the technical expertise of a mobile network operator (MNO) to deploy the network or may even choose to set up long-term collaboration such as a public-private partnership (PPP).
In this paper, we demonstrate how non-cooperative game theory can be used to model the interaction between a technical party (e.g., a wireless network operator) and the owner of a public or semi-public venue when considering the joint deployment of public Wi-Fi. We look into how the relevant network costs (upfront and deployment) and revenues (both direct and indirect) can be modeled for the different pricing models (free, freemium, and premium) and how these costs and revenues can be split between both parties. Finally, we also introduce means of steering the expected outcome of the game in order to end up in the most beneficial outcome possible for all parties.
The remainder of this paper is structured as follows: in section 2, we provide an overview of the existing literature on public Wi-Fi in general, as well as a literature review on non-cooperative games in the context of ICT networks and telecommunications. In section 3, we suggest a methodology for modeling the costs and revenues associated with public Wi-Fi deployment and the game theoretical interplay between the technical party and the venue owner. Section 4 applies this methodology to a public Wi-Fi deployment in a shopping mall and discusses the potential implications on real-life public Wi-Fi projects. In section 5, we give some concluding remarks and propose trajectories for future work.
2 Literature study and background information
In this section, we discuss the current state of the art divided in two major sections. The first section (2.1) gives more detail about public Wi-Fi in general. The second section (2.2) focuses upon the game theoretical part and provides the required background for the remainder of the paper. It provides a set of examples in which game theory has been used in both a broader scope of ICT networks as well as for (public) Wi-Fi networks specifically.
Public Wi-Fi examples
While in the early days of customer-facing Wi-Fi, users often had to pay a subscription fee or watch advertisements to gain access to the network, free Wi-Fi in small and medium-sized businesses has been a successful business model for the past decade. Typically, venues with customer-facing Wi-Fi are privately owned. We do however refer to these as public networks, since they are located in semi-public places such as pubs, restaurants, and business venues [4] . Public does not mean unsecured; typically, access keys are shared on-site. This way, the network can mostly be limited to customers who are actually present at the venue, if the key is changed frequently enough. 1 While customer-facing networks are quite common, city-wide municipal Wi-Fi networks are less so. Municipal Wi-Fi offers a wide range of social and economic benefits such as cost savings in public offices, providing a stimulus to the economy and alleviating the digital divide [5] . Many of these networks had to shut down, however, as they were not economically viable [6] .
Next to economic reasons, municipal Wi-Fi offers run into other problems. By offering free or cheap Internet access to inhabitants, local governments enter the highly competitive telecommunications market at ultra-low prices or free of charge. This has even led to municipalities being sued by private Internet Service Providers (ISP) over loss of profit [2, 7] .
In order to tackle both of these problems at once, we consider non-free municipal Wi-Fi networks which are being rolled out in cooperation with a MNO. As users also generate direct revenues (next to the earlier discussed indirect revenues), the cost of the network can (partly) be covered. In the meantime, the MNO can benefit from the cooperation instead of suffering from the added competition.
The European Commission (EC) clearly also believes in the indirect economic gains of public Wi-Fi. In 2016, the EC has decided upon the WiFi4EU scheme, which frees up a total of 120 million between 2017 and 2019 to support the roll-out of public Wi-Fi in public spaces such as parks, squares, and public buildings where a free public or a private Wi-Fi hotspot offering does not already exist [8] .
Introduction to game theory and non-cooperative games
In the previous section, we provided some additional background about public Wi-Fi networks. This section will do the same for the game theoretical approach used in this publication.
Game theory is the mathematical modeling of both cooperative and non-cooperative scenarios, so-called games. From a high-level point of view, game theory can be split in two categories: cooperative and non-cooperative games. In cooperative games, an analysis is made of how a set of actors can work together most optimally by creating a coalition. In this type of game, the different players will (as the name indicates) cooperate to a common goal.
Next to cooperative games, there are non-cooperative games in which the impact of (market) competition or conflicting objectives is modeled. In this publication, we focus on parallel non-cooperative two-player games. In these games, both players choose their strategy at the same time without knowledge of the chosen strategy of the other actor. Aside from parallel games, there are sequential games. In sequential games actors choose one after the other, taking into account what its opponent has chosen. Sequential games are not further used in this publication.
In non-cooperative games, each combination of strategies (meaning each player has chosen one of its strategies) results in a numerical value for each of the players, the so-called payoff values. Two kinds of games exist: zero-sum games and non-zero-sum games. In a zero-sum game, the sum of the payoffs of both players is equal to zero for each combination of strategies. An outcome for player 1 of plus five will thus have an outcome for player 2 of minus five. Non-zero-sum games are thus games in which the sum of the payoffs is not equal to zero.
How the payoffs are constructed can vary from simple predefined intuitively chosen values to complex mathematical models to which the chosen strategies are the inputs. Payoff values should be modeled carefully, as the outcome of a game theoretical approach depends on them. In the next section, we look more deeply into what makes game theoretical analysis so interesting and how games can be represented using one of the most typical examples (the prisoner's dilemma). Afterwards, a number of examples are provided in which game theory has been used in both a broader scope of ICT networks as well as for Wi-Fi networks in particular.
Analysis of non-cooperative games
Non-cooperative game theory allows for the identification of dominant strategies (strategies that yield a better payoff than any other, independently from the strategies of the other players), Nash equilibria (combinations of strategies where no one player can gain a higher payoff by choosing a different strategy), and Pareto efficient states (combinations of strategies where no player can gain a higher payoff without decreasing any other player's payoff).
Non-cooperative games often end up in a Nash equilibrium which is not a Pareto optimal state, as one or more parties have an incentive to cheat the other(s) by deviating from the Pareto optimal solution. An example for this is the prisoner's dilemma [9] which has a single Nash equilibrium and three Pareto optimal states, none of which equal the Nash equilibrium.
The prisoner's dilemma goes like this: suppose that two partners in crime are independently being questioned by the police (meaning they have no means of communicating with each other). They both have the option to either cooperate (confess) or to remain silent. If they both refuse to cooperate (and thus remain silent), they will both be sentenced with a short jail-time (1 year), lacking sufficient evidence for more severe punishments. If they both cooperate, they both will be sentenced to a medium-length prison sentence (8 years). If one remains silence, and the other cooperates, the one cooperating walks free because of good behavior, while the other one receives the full blame and as result a maximum sentence (10 years). Table 1 shows the typical representation of the outcome of a two-player non-cooperative game; this outcome is called a payoff matrix. The row headers represent the actions of the first player (in this case the first prisoner, P1), and the column headers the representation of the second player (P2). Each cell contains the payoffs of both players, first the payoff of the first player, followed by the second. Additionally, specific cells can be indicated on the matrix to indicate Nash and Pareto equilibria. In this case, there is only one Nash equilibrium, indicating that both prisoners will cooperate (and thus end up in prison for 8 years). This makes sense since, not knowing whether the other one will confess or not, it is always safer to confess and risk a mediumlength sentence than to remain silent and risk a long sentence. This is a so-called dominant strategy. However, this outcome is not the most favorable situation for both. If both had kept silent, they would have been free after just a single year in jail [10] .
This makes non-cooperative games very enticing for economists, as it is possible to identify Pareto optimal game states, which usually indicates a game state that provides the highest overall payoff. The goal then exists to steer the game by adapting the strategies of one of the players in such a way that one out of the set of outcomes becomes both Nash and Pareto.
Game theoretical applied to ICT networks
Generally speaking, game theory has been applied for the optimization of various back-end functions of ICT networks such as resource allocation and routing optimizations [11] [12] [13] but also for optimizing power usage [14] as well as for spectrum sharing [15] .
More concretely for Wi-Fi networks, non-cooperative game theory has been used for various optimizations and evaluations: e.g., for bandwidth sharing within a single Wi-Fi network [16] , for the selection of the optimal network from a set of available Wi-Fi networks [17] , for the creation of pricing schemes in order to determine the optimal network to connect to, either Wi-Fi or a competing network (e.g., mobile, WiMax) [18] [19] [20] [21] , and for reducing mobile volume usage by creating delayed offloading schemes and smart caching via Wi-Fi networks [22] [23] [24] .
Quite some publications can be found which use game theory for the optimization of ICT networks and Wi-Fi networks in general. The same cannot be said for literature for the game theoretical analysis of public Wi-Fi networks specifically. Prior work discussed the fact that a public-private partnership between the municipality and a private network operator is a viable strategy for public Wi-Fi deployment, but the chances of this happening diminish when competition is added [25] . Other work describes a self-managed scheme that promotes the formation of peer-to-peer free municipal Wi-Fi networks, by opening up underexploited wireless networks [26] . In [27] , a study was made to determine a strategic access price (a ticket one has to buy in order to gain access) for public Wi-Fi when offered by a local government and how this is impacted by competition with mobile networks. In [28] , the entrance of a new mobile virtual network operator (MVNO) is analyzed. The new player can either lease network resources from an existing MNO or can fall back to existing Wi-Fi networks. Using game theory, an optimal price setting has been determined. A similar study was made in [29] in which game theory was used to compare 3G mobile networks with municipal Wi-Fi.
Finally, [30] discussed monetization of Wi-Fi networks either using a freemium (free, though seeing ads) or premium model (paid access). This work focused upon the interaction of multiple parties-a venue owner owning the network, mobile users (MU), advertisers, and advertisement platforms-and states that public Wi-Fi networks "… are capable of generating large revenues through mainly providing one type of Wi-Fi access (the premium access or advertising sponsored access), depending on their advertising concentration levels and MU visiting frequencies." Our own publication has a clear link to this but focuses upon the interaction of the venue owner and a mobile owner. In contrast, [30] makes an abstraction of the mobile users and the advertisement platforms. Instead, we focus upon the different costs of different Wi-Fi pricing schemes. A free network will attract more users than a pay-for-access network and need thus be dimensioned accordingly. On top of that, we also consider additional direct and indirect revenue streams next to advertisements.
It is clear that only little work has been done to model the interactions between a technical party and a venue owner for the joint deployment of public Wi-Fi network. These parties, while having a common goal, clearly also have competing goals (each wanting maximal profit). In this publication, we are applying non-cooperative game theory to model exactly these interactions. While other publications mainly apply game theory for the evaluation of different wireless technologies, we are focusing upon different pricing schemes for Wi-Fi networks (free, freemium, and premium). As a result, we are not focusing upon the technical details but rather on the economic side. For this, we have built detailed cost and revenue models in order to estimate the relevant cash flows for both actors, allowing us to make a well-founded game theoretical analysis. Starting from the initial modeled game, we introduce new strategies to steer the outcome of both players to the most optimal solution.
Methods: modeling the payoff values for cooperative Wi-Fi roll-out use cases
In the previous section, we have introduced what can be learned from a game theoretical approach. Now, we will Table 1 Payoff matrix of the prisoners' dilemma upon which both Pareto optimal state (bordered cells) and the Nash equilibrium (bold and underlined) are indicated look into how this can be applied to a cooperative Wi-Fi roll-out. As mentioned in section 2.2, in order to construct a payoff matrix, we first have to know which values should be used as the payoff values and consequentially how the payoff values should be modeled and how these are impacted by the different strategies of the players.
For this, we define two players: a MNO and a venue owner (VO). The MNO sees value in a Wi-Fi offer (e.g., for additional revenues or for reducing the load on the mobile network). The VO wants to offer Wi-Fi services to the users in the venue (e.g., a mall owner who wants to attract more customers or a museum that wants to improve the user experience). We have chosen these actors because they are generically applicable and can thus be reused for other use cases. The strategies of these different actors however should be considered use case specific. These will be discussed in section 4; for now, we will focus upon the high-level structure of the payoff values within the game matrix.
As payoff values, we have chosen the net cash flow (i.e., the sum of all revenues minus the sum of all expenditures) after a number of years of operation. In order to do so, we require a detailed cost model for all relevant costs, including capital expenditures (CapEx) and operational expenditures (OpEx), allowing the calculation of the total cost of ownership (TCO) for the Wi-Fi network in the use case at hand which is discussed in section 3.1. Additionally, all direct and indirect revenue streams should be modeled; these are discussed in section 3.2.
In order to make both the payoff of the MNO and the VO dependent upon both the cost and revenues, we have provided means of splitting these between the players. For the remainder of this publication, we assume the total cost of the Wi-Fi roll-out (both CapEx and OpEx) is entirely covered by the network operator, who also receives 100% of the direct revenue. The VO receives the total indirect revenue. Choosing other cost and revenue split values might be interesting to simulate additional negotiation between both players and other types of use cases (see section 5). Eqs. 1 and 2 show these cost and revenue splits; the definition of the corresponding parameters is given in Table 2 .
When actually creating the payoff matrix, it looks like Table 3 : the strategies of the MNO are the row headers, the ones of the VO the column headers. Each payoff cell contains 2 values, first the payoff of the MNO followed by the payoff of the VO. Now that the high-level structure of the payoff values has been introduced, we will give model the values of the parameters. Section 3.1 discussed how the TCO is calculated in, followed by the venue modeling in section 3.2.
Equipment cost modeling of Wi-Fi networks
In order to calculate the TCO of the Wi-Fi network, we have started from a cost model and accompanying detailed bill of materials (BOM) received from the French mobile telecommunications operator Orange. In order to reuse this model and convert it to be useful for the use cases at hand, we categorized the items of the BOM into access point (AP)-driven costs (cost that are directly linked to the number of APs) and additional fixed costs (any additional (network) equipment to get the Wi-Fi network running) as shown in Table 4 .
In the BOM, three parameters have been introduced (N ap , N switch , and N cable ) which will be modeled next in more detail. The first parameter is N ap which represents the total number of required access points. This is based upon the maximal number of users each AP needs to and is able to handle as well as the area (in m 2 ) that needs to be covered combined with the percentage of the area that should be covered (parameter o). A coverage factor of 80% (o = 0.8) would thus mean 80% of all total area should be covered. The number of access points needed is formulated as shown in equation Eq. 3; the corresponding parameters are defined in Table 5 . The number of concurrent users and correspondingly the number of APs is directly linked to the different pricing models which will be discussed in section 4.2.
Once the total number of the access points is known, we can also calculate the number of Power over Ethernet (PoE) switches required (N switch ), which is directly related to the number of APs as shown in Eq. 4. Using PoE, the APs can be provided with electricity without the need of an additional power cable. A minimum of 4 switches are always taken into account for redundancy and for spreading the total traffic load from the APs.
In section 4, the highest number of APs we are considering is 180, meaning 8 switches. We suppose the single router (as defined in Table 4 ) has (a) sufficient ports to connect all switches and (b) sufficient capacity to handle all traffic.
The third and final parameter is N cable which represents the total length (in meters) of network cable required to connect all APs. To do so, a basic cabling scheme is proposed to estimate the total cable length, using a small set of assumptions:
The area to be covered is rectangular, with a width of Area W and a height of Area H A n · m grid with square cells (with side s) is layered above the rectangular area and in each cell an AP will be installed. The parameters n and m are chosen in a way so that:
Area H m ≈ s Cells are indicated using a Cartesian coordinate system starting in the top left with cell (0, 0). In the Table 3 Exemplary payoff matrix of the cooperative game middle of each cell an AP is installed, meaning the exact location of the AP in the first cell of this grid is thus positioned at (0.5; 0.5) (the x's in the visualization). Switches are installed in 4 locations in the mall from which cable ducts run to the router. These points are chosen in order to minimize the total cable length and are also installed in the middle of the indicated cells (the cells with thick borders in the visualization).
APs are connected to the closest switch; cables only make right angles.
Taking these assumptions into account, the proposed grid looks like Table 6 , the rectangle has been layered by a 6 · 5 grid (n · m). Now that this representation is made, the cable length for each AP can easily be estimated, using two basic steps (Eq. 5).
Using this approach, we have calculated the required cable length for each AP as shown in Table 7 . Summing all this values results in the total length of cable required.
This approach is a simplification of reality, however. It allows for a basic estimation of the required total cable length when following the listed set of assumptions.
Now that all three variables within the BOM are defined, the TCO can be summarized and structured in 4 major cost groups, CapEx and 3 groups of OpEx costs: site costs, equipment maintenance, and backhauling, as shown in Table 8 .
All that remains is taking the sum of the different OpEx costs (Eq. 6), calculating the discounted value of the total OpEx (Eq. 7), and adding it to the CapEx in order to obtain the TCO (Eq. 8). Discounting the values is important as the OpEx costs are spread over multiple years and the time value of money changes. The corresponding parameters are introduced in Table 9 .
Direct and indirect revenue modeling
In the previous section, we looked into the TCO. Now, we will have a closer look at the relevant revenues. Table 6 Example of an area covered by APs using a 6 × 5 grid, with a cell size of 25 m
The to-be-covered area with its width (Area W ) and height (Area H ) indicated, and indication of the location of the APS (x), the location of the switches (bordered cells) . The exact modeling of both types of revenues requires specific approaches. One can easily see that the calculation of ad revenues is different from the calculation of revenue from subscription tickets. Additionally, as indirect revenues are use case specific, we have chosen to discuss both direct and indirect revenues in section 4 and not in a generic way.
Results and discussion
In the previous sections, we have shown that on a high level, the payoff values are composed of revenues and costs (sections 3.1 and 3.2) and how these can be divided between both parties (section 3). This leaves us only with the actual simulation of the game. Before doing so, we would like to stress that even though a lot of data is clearly based upon the cost model of Orange, we have made a set of assumptions to fill in some of the input values. As assumptions may adversely impact the results, we have chosen to clearly indicate the quality of each input value. For this, we have used a scale between 1 and 5 as shown in Table 10 . For the remainder of the paper, all tables with input values will have a column quality which refers to this scale. Do note that the provided input values are assumed for the case at hand and for the time of writing. This means these assumptions might not be applicable in a broader scope and that they should be considered time-sensitive. In order to demonstrate the game theoretic evaluation of joint Wi-Fi deployment in a realistic scenario, we have built a use case using the earlier discussed cost and revenue models. The setting for this use case is a fictional mall (based on publicly accessible data from Forum des Halles in Paris). We consider a venue with an area of 75,000 m 2 , an estimated 60,000 visitors during peak hour and a net revenue of 200 million. 2 We estimate 40 million customers on a yearly basis of which we expect 15% to connect to the network when a free or freemium network is installed or 2% in case of premium. An overview of the general use case parameters is provided in Table 11 .
In the next sections, we will discuss the different strategies available in the game (section 4.1), followed by the modeled costs and revenues in sections 4.1.1 to 4.1.3.
Applying the cost and revenue models to the shopping mall case
As defined in section 3, we consider 2 players, a MNO and a VO agreeing to jointly roll-out a Wi-Fi network. In this game, the MNO chooses which kind of Wi-Fi network is offered and has 3 pricing options to choose from: free Wi-Fi (entirely free, no ads), freemium Wi-Fi (either use the network for free with ads, or pay for a better and adless experience), or premium (only paid access, no ads). These pricing models will directly impact the number of users that will connect to the network, and thus the number of APs, switches, and running meter of cable that will be installed (see section 3.1). Besides the amount of equipment installed, the different pricing models do not alter any other technical parameters.
While the MNO chooses which pricing strategy is applied, the VO can offer the MNO a cost split, in other words paying a share of the TCO, ranging from 0 to 100%. As a result, the original payoff formulas (Eqs. 1 and 2) are slightly simplified to their new format as shown in Eqs. 9 and 10, with the corresponding parameters in Table 12 . 
Calculating the total cost of ownership (TCO)
In section 3.1, we have introduced two categories within the equipment cost for the Wi-Fi network: AP-driven and non-AP-driven. In order to know the required number of APs, we use Eq. 3 and feed it with the parameters with the values from Table 13 . This results in a total number of access points (N ap ) of 180 for free/freemium and 24 for premium in order to cover the entire shopping mall. This value we have linked into the BOM, from which we can deduct the TCO using Eq. 8; the discount rate and time horizon were already introduced in Table 11 . The resulting cost values are listed in Table 14 . As discussed in section 3.1, the number of users directly impacts the number of APs and consequentially the entire BOM. As the premium priced network attracts fewer users it will thus be cheaper than the free and freemium priced network.
From Table 14 , we can deduct the (discounted) TCO of the Wi-Fi network which, when taking into account a time horizon of 4 years, is nearly €1.2 million for a free/freemium network and about €200.000 in case of a premium network. Now that the applicable costs are clear, in the next section the different revenue streams are modeled.
Modeling direct and indirect revenues per Wi-Fi model
As said earlier, the revenue streams that should be modeled can be categorized in two categories: direct and indirect revenues. These streams are impacted based upon the chosen Wi-Fi strategy by the MNO as shown in Table 15 . As free and freemium have the same number of users, the same indirect revenues might be expected, this is however not the case. We expect freemium to generate (slightly) less indirect revenues, because an entirely free service (the free pricing model) is more attractive to attract customers to the mall than a service with ads or a paid service (the freemium pricing model). The different revenues streams are discussed in more detail in the next sections.
Direct revenues: ads and subscription tickets
The direct revenues consist of two components: on the one hand, there are ad revenues and on the other hand, subscription tickets. Subscription tickets are only relevant in the paid Wi-Fi models (freemium and premium) and are sold for different time spans (hour pass, day pass, year pass (exclusively in premium)). Users who do not buy a subscription ticket under the freemium model generate direct revenue in the form of ad revenue. There are no direct revenues in the free pricing model.
The ad revenue depends upon the total number of non-paying users in the freemium model (Eq. 11); the total revenue for the subscription tickets is the sum of the number of payers per subscription type multiplied with the cost for a single ticket (Eq. 12). As with the OpEx costs, discussed in section 3.1, one has to take into account the time value of money by discounting the total revenues as shown in Eq. 13 and Eq. 14.
Different numbers of users are expected to buy the different subscription tickets depending upon the chosen Wi-Fi model as summarized in Table 16 . The resulting direct revenue streams are listed in Table 17 . Both models result in about the same direct revenue. This may seem odd at first; however, do note that as discussed in the previous section, the TCO for the freemium model is about €1.2 million, while the TCO of the premium model is much lower with about €200.000.
Indirect revenues: side-effects of a public Wi-Fi network
Next to the direct revenues as discussed in the previous section, we also consider indirect revenues. These do not stem from the provision of the Wi-Fi network itself but are a (desired) extra effect. Since indirect revenues are tied to how attractive users perceive the network, free Wi-Fi generates more indirect revenue than freemium Wi-Fi, which in turn generates more indirect revenue than premium Wi-Fi. A total of 3 different indirect revenue streams considered. Table 18 lists all the parameters which are independent of the chosen Wi-Fi model, while Table 19 lists the dependent ones Increase of customers (IDR customers ). Offering Wi-Fi to users makes the shopping mall more attractive to enter.
Increase of shopping time (IDR time ). Customers enjoying the Wi-Fi stay longer at the shopping mall.
Increase of sales due to more exposure to ads in the shopping mall (IDR ads ). Longer exposure to ads means more likely people are affected by it.
All of these indirect revenues are a benefit for the shops within the mall but not directly for the VO; however, we assume the VO manages to reap a part (10%) of these benefits because the venue becomes more interesting from a business perspective allowing for higher rental prices. This is shown in Eq. 19; as before, again the revenues are discounted to take into account the time value of money. The resulting values are provided in Table 20 .
Initial version of the game
Now all costs and revenues have received their value for the use case at hand, it is time to incorporate these in the payoff matrix and combine these correctly with the different strategies of the MNO and the VO. Just a small reminder about the strategies and the game at hand: in the initial version of this game, the MNO chooses how the Wi-Fi-offer will be proposed to the end-user (free, freemium, or premium) while receiving 100% of the direct revenues. The VO receives the indirect revenues and offers to pay a part of the total cost of the network, ranging from 0 to 100%. 3 We are modeling the interaction between both players as a parallel game; this means both players choose a strategy at the same time, unaware of the other player's strategy. When simulating the entire game, it results in a game matrix as shown in Table 21 (for information on how to interpret this matrix, see section 3). Within this matrix, a number of cells have been emphasized: the cells with thick borders represent Pareto optimal solutions and the cell in bold and underlined is the single Nash equilibrium. The cells between 20 and 80% have been removed for brevity, as these follow the same pattern (free and freemium are Pareto, no Nash equilibria are present). In order to calculate Nash and Pareto equilibria, we have applied their definitions as originally defined in [31, 32] .
A Nash equilibrium can be defined as follows: it is a stable state in which no participants can gain by a change of strategy as long as all the other participants' strategies remain unchanged. By iterating every cell, we can determine per player individually whether a change of strategy can lead to a better payoff. If no change in strategy of any player can lead to an improvement, the cell is a Nash equilibrium. Doing this for the matrix in Table 21 , we see that only for a single cell (the one in the bottom left) none of the players can improve itself by changing only its own strategy. Take for example the cell in the top left (− 1.16, 2.06) we can see that the MNO can improve its payoff from − 1.16 to 8.33 by changing its strategy, making the top left cell not a Nash equilibrium.
Similarly, a Pareto optimal state is a stable state in which no player can improve its payoff without decreasing the payoff of another player. Formulated differently, we say a cell is Pareto dominated if another cell exists which is as good for all players but strictly better for at least one of the players. 4 If a cell is not Pareto dominated it is Pareto optimal. By iterating each cell and comparing it with all others, we can validate which cells are Pareto. Taking back the same two examples as before: The bottom left cell (8.33, 0.06) is not Pareto as it is dominated by the cell in the middle right (8.63, 0.23) which is even better for both players. The top left cell (− 1.16, 2.06) is Pareto, because no other cell is as good for both players and at least better for one of the players. While both adjacent cells are better for one of the players, they are worse for the other one. These cells are thus not dominating the top left cell. This same reasoning goes for all other cells, making the top left cell Pareto.
When looking at these results, two things should be indicated:
1. The total payoff of each cell (in millions) within a row is identical 5 : free (0.9), freemium (8.7), and premium (8.36). 2. The Nash equilibrium is not Pareto.
From an outsider's perspective, we can clearly say the Nash equilibrium, the solution that is expected to arise in a market economy, is clearly not the highest yielding set of solutions: from a total payoff point of view, freemium scores better. In more technical terms: the Nash equilibrium is not Pareto optimal because it is Pareto dominated by the multiple combinations (e.g., freemium, 100%).
Adapted version of the game: the introduction of a compensation scheme
Since the total payoff of freemium is highest of all, in other words a freemium solution will yield the highest benefit for both players combined, such a solution is to be preferred from an outsider's perspective. As the total outcome of the freemium model is larger than the total outcome of the premium model, a redistribution of the payoffs between both actors is possible. The redistribution is as follows: the VO proposes next to taking over a part of the TCO (just as before) to pay an additional fee equal to a percentage of the premium profits. This way, the MNO receives the entire direct revenues of the freemium model and a part of what would have been earned if chosen for the premium model.
Which compensation percentages could work can be determined from Fig. 1 ; in this figure, we have plotted the difference in profit for the MNO and VO when compared to the premium model (positive means more profit). The interesting area in this figure is where both lines are positive, meaning both actors will thus obtain more profit from the freemium model than the premium model. This implies that the VO can convince the MNO to choose for a freemium solution if he offers at least 10.5% additional compensation (10.5% of the total revenues in the premium model). Additionally, the VO cannot (should not) offer more than 14% compensation, as that would make paying the compensation to end up in the freemium model less interesting than the premium model from his point of view.
In this figure, we assume a cost sharing of 0% is considered, the range of possible compensation percentages will obviously differ at other cost sharing percentage: higher cost sharing means less profit for the VO, meaning less profit which can be used for compensation. Since the Nash equilibrium is situated at 0% cost sharing, discussing compensation at other percentages than 0% in details yields no additional knowledge.
As any percentage between 10.5 and 14% will yield the desired effect, we have chosen arbitrarily to use 11%. The proposed changes in the game have been visualized in Table 22 ; the first strategy of the VO (0% cost share) is extended to 0% cost share + 11% compensation; 11% of the revenues of the premium model is equal to 0.949 million (the direct and indirect revenues were discussed in Table 17 and Table 20 ). All 11 strategies of the mall owner (0-100% in 10% increments) can be adapted to include the proposed compensation scheme.
This kind of adaption to the game reflects to negotiations between MNO and VO in real life, e.g., the MNO could state "We can agree with a Freemium pricing model, as long as it generates us as much profit as a Premium pricing strategy". It is then up to the VO to see whether and how this is possible. In this case, we have chosen to work out an additional compensation as a percentage of the premium revenue; absolute compensations or other cost sharing strategies would be possible as well.
When recalculating the game with these newly proposed strategies, we see the single Nash equilibrium has moved up to the freemium row; this way, the expected outcome of the game (Nash) corresponds with a Pareto optimal solution. In other words, the game has effectively been steered to the optimal solution, which was the original intent. The adapted outcome of the game is provided in Table 23 ; the cells between 0 and 80% have been removed for brevity, as these follow the same pattern (free and freemium are Pareto, no Nash equilibria are present).
Conclusion
In this paper, we have demonstrated how to model the interactions between a MNO and a VO in a twoplayer non-cooperative non-zero-sum game with the goal of deploying a public Wi-Fi network. For this we have modeled both the cost of the deployment of the Wi-Fi network (CapEx and OpEx) as well as the direct and indirect revenues. For the cost information, we have used a simplified version of a cost model provided by Orange, where the number of users connecting to the Wi-Fi network and the coverage area are the main cost drivers. The considered use case describes the deployment of public Wi-Fi in a shopping mall in which the MNO chooses a business model (free, freemium, premium), while the VO (in this case, the shopping mall owner) proposes to take over a part of the network cost (0-100%). Starting from this game, we have seen that the expected outcome of the game is a premium Wi-Fi offering, a solution which is not Pareto optimal. However, when modeling the outcome of expected negotiations between MNO and VO in real life, we end up with a situation where the VO pays a compensation to the MNO to choose a freemium Wi-Fi solution. By agreeing to this compensation, the payoff of the MNO becomes as good for freemium as for premium, while in the meantime the VO manages to increase his payoff even when paying the compensation. This way, the game ends up in a solution which is both Pareto optimal and a Nash equilibrium.
The purpose of this paper is to describe the methodology of how to model the outcome of a collaborative public Wi-Fi deployment, not to give an exact economic prediction of a real-life use case. We have proposed a methodological approach for modeling costs and revenues that is general enough to remain valid with different input values. However, the actual outcome of the model is highly sensitive to the input data. In order to make reliable predictions about real-life use cases, one needs to obtain reliable input values through market research and analysis of the technical constraints of the specific use case at hand. In the case of municipal Wi-Fi, both the willingness to pay and the corresponding number of paying customers, as well as the indirect benefits from the network itself should be well researched or modeled, e.g., by constructing a more detailed bottomup model of such benefits [33] . Multiple tracks are possible for future work: a first step could be to further refine the models by including more technical details. We currently do not assume that data offloading has a large impact on a mobile network operator's revenue in enclosed areas such as the shopping malls. Adding the indirect effects of data offloading might change the network operator's outcome, for better or worse. On the one hand, offloading decongests the cellular network, but on the other hand, the network operator might lose revenue when subscribers choose to transmit their mobile data over a Wi-Fi network instead of the cellular network.
Additionally, femtocells could be added in this comparison as these also help in decongesting the network and do not have the risk of reducing the mobile revenues; in such a case, the comparison between Wi-Fi and femtocells could be made. Other technical parameters such as the location of APs could be included.
Next to a more thorough technical modeling, a validation of the input values could be interesting. This could either be performed using a sensitivity analysis, testing the impact of, e.g., the number of concurrent users and the cost of specific equipment. Another approach could be constructing a methodological framework which allows companies to make qualified estimates of the considered input values. 
